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Problem: Given a finite algebra G and a k-ary operation

t : Gk — G that is known to be a term operation of G, can we
find a computationally efficient method to produce a term whose
term operation is t?

G = (G; *) — a finite groupoid

G is term continuous TC if its term to term operation is (relative
to appropriate metrics) continuous.
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A k-ary partial term is a term f(x, Q) in variables xg, x1, ..., Xk_1
that contains exactly one occurrence of a new variable ¢, e.g.,

F(%,0) = x0((((xax1)0)x3 )x)-

If t: Gk — G, we seek a term u(X) such that f(X,u(x))¢ =t i.e.,

— -, -,

f(d,u(d)) = t(d) forall d € G*.

f(X, Q) is valid with respect to t if there is an operation
h: Gk — G such that

f(d, h(d)) = t(d) forall d € G¥.
In this case we say that h is a witness to the validity of f(X, {).

Theorem. If G is idemprimal, then there is a term u(X) such that
f(X,u(x))® = t if and only if f(X,Q) is valid with respect to t.



A Beam Enumeration Algorithm



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

Ot



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

Ot

Generate Qu(x) or u(x)0 valid w.r.t. t



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

((x1x0)x2)0 X0 Ox2

~_

Ot

Generate Qu(x) or u(x)0 valid w.r.t. t



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

((x1x0)x2)¢ a x$ b Oxf c
\ <> /
t

Generate Qu(x) or u(x)0 valid w.r.t. t
and validity witnesses a, b, c,---: Gk — G.



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

Oxa d Ox3 e x3Q f

| |

((x1x0)x2)¢ a xoQ b Ox? ¢

~_

Ot

Generate Qu(x) or u(x)¢ valid w.r.t. parent operation

and validity witnesses a, b, c,---: Gk — G.



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

(x2xa)Q J Ox3 i xQ0 h

Oxa d Ox3 e x3Q f

| |

((x1x0)x2)¢ a xoQ b Ox? ¢

~_

Ot

Generate Qu(x) or u(x)¢ valid w.r.t. parent operation

and validity witnesses a, b, c,---: Gk — G.



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

(x2xa)0 J Ox3 i x0 h

Oxa d Ox3 e x3Q f

| |

((x1x0)x2)¢ a x b Oxf c

~_

Ot

Assume u(X) € M and u(X)® = j.



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

(x2xa)0 J Ox3 i x0 h

Oxa d Ox3 e x3Q f

| |

((x1x0)x2)¢ a x b Oxf c

~_

Ot

Assume u(X) € M and u(>‘<’)G = /. Then (x2X4)u(>?)G =e



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

(x2xa)0 J Ox3 i x0 h

Oxa d Ox3 e x3Q f

| |

((x1x0)x2)¢ a x b Oxf c

~_

Ot

Assume u(X) € M and u(X)® =j. Then (xox4)u(X)® = e
= ((exa)u(x)) 3G b



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

(x2xa)0 J Ox3 i x0 h

Oxa d Ox3 e x3Q f

| |

((x1x0)x2)¢ a x b Oxf c

~_

Ot

Assume u(X) € M and u(X)® =j. Then (xox4)u(X)® = e
= ((exa)u()x3 =b = x(((exa)u(x))x)¢ =

~



A Beam Enumeration Algorithm

G - idemprimal, t: Gk — G, finite set M of test terms

(x2xa)0 J Ox3 i x0 h

Oxa d Ox3 e x3Q f

| |

((x1x0)x2)¢ a x b Oxf c

~_

Ot

Assume u(X) € M and u(X)® = j. Then (xox3)u(X)® =
= (Cexa)u(X)E =b = x(((ex)u(X))x)¢ =
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x0(((x2xa)0)x3) is valid w.r.t. t.
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G - idemprimal, t: GK — G, finite set M of test terms
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A Beam Enumeration Algorithm

G - idemprimal, t: GK — G, finite set M of test terms

x0(((exa)0)x3)  xo((0x3)x3)  xo(x3(x20))

((ax0)x2)(Oxa)  x0(0x3)  x0(x30)
| | /
((x1x0)x2)0 x0Q Ox2

Ot

A partial term f(x, {) is constant on G if all terms u(X) produce

the same term operation f(x, u(x))S.
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Idemprimality Theorem. /f G is idemprimal (IPr) and a BEA
produces a constant partial term, then the BEA will terminate with
a representation of the target operation.

Term Continuity Theorem. /f G is k-term continuous (TC) for
some k > 1, then there is a number \ such that
2 k
<-——<A<1
3= k+1-" 7
and the proportion of partial terms of height at most H that are
constant converges to A as H — oo.
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G :=({0,1,2,3}, %)

wW N = O %
NN R RO
N O DN W
= O N HIN
N W W DNWw

G is primal by Rouseau’s Theorem, so it is idemprimal (IPr).
Tests from Clark [1] shows that G is term continuous (TC).

Example: Find a discriminator term for G.
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